This paper gives an analogue of A g (V ) theory for a vertex operator superalgebra V and an automorphism g of finite order. The relation between the g-twisted Vmodules and A g (V )-modules is established. It is proved that if V is g-rational, then A g (V ) is finite dimensional semisimple associative algebra and there are only finitely many irreducible g-twisted V -modules. 2000MSC:17B69
Introduction
The twisted sectors or twisted modules are basic ingredients in orbifold conformal field theory (cf. [FLM1] , [FLM2] , [FLM3] , [Le1] , [Le2] , [DHVW] , [DVVV] , [DL2] , [DLM2] ). The notion of twisted module [FFR] , [D] is derived from the properties of twisted vertex operators for finite automorphisms of even lattice vertex operator algebras constructed in [Le1] , [Le2] and [FLM2] , also see [DL2] . In this paper we study the twisted modules for an arbitrary vertex operator superalgebra following [Z] , [KW] and [DLM2] .
An associative algebra A(V ) was introduced in [Z] for every vertex operator algebra V to study the representation theory for vertex operator algebras. The main idea is to reduce the study of representation theory for a vertex operator algebra to the study of representation theory for an associative algebra. This approach has been very successful and the irreducible modules for many well-known vertex operator algebras have been classified by using the associative algebras. The theory has been extended to the vertex operator superalgebras in [KW] and has been further generalized to the twisted representations for a vertex operator algebra in [DLM2] . This paper is a "super analogue" of [DLM2] and an extension of A g (V ) theory in Section 5.1 of [X] . An associative algebra A g (V ) for any vertex operator superalgebra V together with an automorphism g of finite order is constructed in [X] . The vacuum space of any admissible g-twisted V -module becomes a module for A g (V ). On the other hand one can construct a 'universal' admissible g-twisted V -module from any A g (V )-module. This leads to a one to one correspondence between the set of inequivalent admissible g-twisted V -modules and the set of simple A g (V )-modules. As in the case of vertex operator algebra, if V is g-rational then A g (V ) is a finite dimensional semisimple associative algebra.
The ideas of this paper and other related papers are very natural and go back to the theory of highest weight modules for Kac-Moody Lie algebras and other Lie algebras with triangular decompositions. In the classical highest weight module theory, the highest weight or highest weight vector determines the highest weight module structure to some extent (different highest weight modules can have the same highest weight). The role of the vacuum space for an admissible twisted module is similar to the role of the highest weight space in a highest weight module. So from this point of view, the A g (V ) theory is a natural extension of highest weight module theory in the representation theory of vertex operator superalgebras.
A vertex operator superalgebra has a canonical automorphism σ of order 2 arising from the structure of superspace. The σ-twisted modules which are called the Ramond sector in the literature play very important roles in the study of geometry. Important topological invariants such as elliptic genus and certain Witten genus can be understood as graded trace functions on the Ramond sectors constructed from the manifolds. It is expected that the theory developed in this paper will have applications in geometry and physics.
Since the setting and most results in this paper are similar to those in [DLM2] and [X] we only provide the arguments which are either new or need a lot of modifications. We refer the reader to [DLM2] and [X] for details.
The organization of this paper is similar to that of [DLM2] . We review the definition of vertex operator superalgebra and define various notions of g-twisted V -modules in section 2. In section 3, we recall from [X] the algebra A g (V ) for VOSA V . Section 4 is devoted to the study of Lie superalgebra V [g] which is kind of twisted affinization of V following [DLM2] and [X] . A weak g-twisted V -module is naturally a V [g]-module. In section 5, we construct the functor Ω which sends a weak g-twisted V -module to an A g (V )-module. We construct another functor L from the category of A g (V )-modules to the category of admissible g-twisted V -modules in Section 6. That is, for any A g (V )-module U we can construct a kind of "generalized Verma module"M (U ) which is the universal admissible g-twisted V -module generated by U. It is proved that there is a 1-1 correspondence between the irreducible objects in these two categories. Moreover if V is g-rational, then A g (V ) is a finite dimensional semisimple associative algebra. We discuss some examples of vertex operator superalgebras constructed from the free fermions and their twisted modules in Section 7.
Vertex Operator superalgebra and twisted modules
We review the definition of vertex operator superalgebra (cf. [B] , [FLM3] , [DL1] , [X] ) and various notions of twisted modules in this section (cf. [D] , [DLM2] , [FFR] , [FLM3] , [X] , [Z] ).
Recall that a super vector space is a Z 2 -graded vector space V = V0 ⊕V1. The elements in V0 (resp. V1) are called even (resp. odd). Letṽ be 0 if v ∈ V0, and 1 if v ∈ V1. Definition 2.1. A vertex operator superalgebra is a 1 2 Z + -graded super vector space
(2.1) with V0 = n∈Z V n and V1 = n∈ 1 2 +Z V n satisfying dim V n < ∞ for all n and V m = 0 if m is sufficiently small. V is equipped with a linear map
and with two distinguished vectors 1 ∈ V 0 , ω ∈ V 2 satisfying the following conditions for u, v ∈ V, and m, n ∈ Z :
where
and the Jacobi identity holds:
(2.9) where δ(z) = n∈Z z n and (z i −z j ) n is expanded as a formal power series in z j . Throughout the paper, z 0 , z 1 , z 2 , etc. are independent commuting formal variables.
Such a vertex operator superalgebra may be denoted by V = (V, Y, 1, ω). In the case V1 = 0, this is exactly the definition of vertex operator algebra given in [FLM3] .
Definition 2.2. Let V be a vertex operator superalgebra. An automorphism g of V is a linear automorphism of V preserving ω such that the actions of g and Y (v, z) on V are compatible in the sense that
Note that any automorphism of V commutes with L(0) and preserves each homogeneous space V n . As a result, any automorphism preserves V0 and V1.
Let Aut(V ) be the group of automorphisms of V. There is a special automorphism σ ∈ Aut(V ) such that σ|V0 = 1 and σ|V1 = −1. It is clear that σ is a central element of Aut(V ).
Fix g ∈ Aut(V ) of order T 0 . Let o(gσ) = T. Denote the decompositions of V into eigenspaces with respect to the actions of gσ and g as follows
where V r * = {v ∈ V |gσv = e 2πir/T v} and V r = {v ∈ V |gv = e 2πir/T 0 v} Definition 2.3. A weak g-twisted V -module M is a vector space equipped with a linear map
which satisfies that for all 0 ≤ r
(2.14)
(2.15)
Following the arguments in [DL1] one can prove that the twisted Jacobi identity is equivalent to the following associativity formula
where w ∈ M and k ∈ Z + s.t z 
We need the following Lemma later.
Lemma 2.4. The associativity formula (2.16) is equivalent to the following:
for u ∈ V s * and some m ∈ and wt u are congruent modulo Z, the result follows immediately.
Equating the coefficients of z
We may also deduce from (2.12)-(2.15) the usual Virasoro algebra axioms, namely
The homomorphism and isomorphism of weak twisted modules are defined in an obvious way.
Definition 2.5. An admissible g-twisted V -module is a weak g-twisted V -module M which carries a
Definition 2.6. An ordinary g-twisted V -module is a weak g-twisted V -module
such that dim M λ is finite and for fixed λ, M n T +λ = 0 for all small enough integers n where
The admissible g-twisted V -modules form a subcategory of the weak g-twisted Vmodules. It is easy to prove that an ordinary g-twisted V -module is admissible. Shifting the grading of an admissible g-twisted module gives an isomorphic admissible g-twisted V -module. A simple object in this category is an admissible g-twisted V -module M such that 0 and M are the only graded submodules.
We say that V is g-rational if every admissible g-twisted V -module is completely reducible, i.e., a direct sum of simple admissible g-twisted modules. V is called rational if V is 1-rational. V is called holomorphic if V is rational and V is the only irreducible V -module up to isomorphism.
If
is an admissible g-twisted V -module, the contragredient module M is defined as follows:
where · denotes the natural paring between M and M. Then we have the following [FHL] :
Lemma 2.7 is needed in the proof of several results in Section 6 although we do not intend to give these proofs (cf. [DLM2] ).
The associative algebra A g (V )
In this section we review the construction of A g (V ) following [X] . The definition of A g (V ) for vertex operator superalgebra is similar to that given in [DLM2] .
Let r be an integer between 0 and T − 1 ( or T 0 − 1). We will also use r to denote its residue class modulo T or T 0 . For homogeneous u ∈ V r * , we set δ r = 1 if r = 0 and
where (1 + z) α for α ∈ C is to be expanded in nonnegative integer powers of z. Let O g (V ) be the linear span of all u • g v and define the linear space A g (V ) to be the quotient
The algebra A(V ) was constructed in [KW] . If V is a vertex operator algebra, A g (V ) was constructed and studied in [DLM2] .
is a quotient of A(V 0 * ). We now define a product * g on V which will induce an associative product in A g (V ). Let r, u and v be as above and set
Extend * g linearly to obtain a bilinear product on V. Then the restriction of * g to V 0 * coincides with that of [KW] . As before we will use * instead of * g if g = 1. If u ∈ V 0 * then we can write (3.2) as the following form
(ii) Assume that u, v ∈ V 0 * are homogeneous. Then
is an associative algebra under * g .
.
The Lie superalgebra V [g]
Let V be a vertex operator superalgebra with automorphism g of order T 0 . We can endow
T 0 ] the structure of a vertex algebra with vertex operator
(see [B] ). Then the tensor product
is a vertex superalgebra with vertex operator
. Extends g to an automorphism of the tensor product vertex superalgebra in the following way:
Following [B] , we know that
is a Lie superalgebra with bracket
).
For homogeneous a ∈ V, we define
By Lemma 4.1, V [g] is a 1 T Z-graded Lie superalgebra with the triangular decomposition
(4.9)
Lemma 4.2.
[X] V [g] 0 is spanned by elements of the form a(wta − 1) for homogeneous a ∈ V 0 * .
Set o(a) = a(wta − 1) for homogeneous a ∈ V 0 * and extend linearly to all a ∈ V 0 * . This gives a linear map
As the kernel of the map is (L(−1) + L(0))V 0 * , we obtain an isomorphism of Lie super-
The bracket on the quotient of V 0 * is given by
Lie be the Lie superalgebra of the associative algebra
is an onto Lie superalgebra homomorphism from V [g] 0 to A g (V ) Lie .
The functor Ω
The main purpose in this section is to construct a covariant functor Ω from the category of weak g-twisted V -modules to the category of A g (V )-modules (cf. Theorem 5.1). Let M be a weak g-twisted V -module. We define the space of "lowest weight vectors" to be Proof: We first show that Ω(M ) is invariant under the action of o(a) for a ∈ V. Let b ∈ V, w ∈ M and n ≥ wtb. By (2.18),
as wta + n − 1 − i is greater than or equal to wt(b i a). The rest of proof is similar to that given in [X] (also see [DLM2] ). Next we show that the action is well defined. For a ∈ V r * and 0 < r < T, o(a) = 0 by Lemma 4.2. It remains to check that o(a) = 0 on Ω(M ) for a ∈ I.
Note that a(wta − 1 + n)Ω(M ) = 0 for any n > 0 and a ∈ V 0 * . There are two cases:
The argument in the Proof of Theorem 2.1.2 in [Z] with suitable modification gives
we can use Lemma 2.4. Since z wtu−1+ r T Y M (u, z)w involves only nonnegative integer powers of z for w ∈ Ω(M ), we have 
as required. If M is a nonzero admissible g-twisted V -module we may and do assume that M (0) is nonzero with suitable degree shift. With these conventions we have Proposition 5.2. Let M be a simple admissible g-twisted V -module. Then the following hold
Proof: The proof is the same as in [DLM2] .
Generalized Verma modules and the functor L
In this section we focus on how to construct admissible g-twisted V -modules from a given A g (V )-module U. We use the same trick which was used in [DLM2] to do this. We will define two g-twisted admissible V -modulesM (U ) and L(U ). The moduleM (U ) is the universal admissible g-twisted V -module such thatM (U )(0) = U and L(U ) is smallest admissible g-twisted V -module with L(U )(0) = U. Just as in the classical highest weight module theory, L(U ) is the unique irreducible quotient ofM (U ) if U is simple. We start with an A g (V )-module U. Then U is automatically a module for A g (V ) Lie . By Lemma 4.3 U is lifted to a module for the Lie superalgebra
which is a
by PBW theorem and in particular M (U )(0) = U.
Then Y M (U ) (v, z) satisfies condition (2.12)-(2.14). By Lemma 4.1 (ii), the identity (2.18) holds. But this is not good enough to establish the twisted Jacobi identity for the action (6.2) on M (U ). Let W be the subspace of M (U ) spanned linearly by the coefficients of
for any homogeneous a ∈ V r * , b ∈ V, u ∈ U . We set
Proposition 6.1. Let M be a V [g]-module such that there is a subspace U of M satisfying the following conditions:
(ii) For any a ∈ V r * and u ∈ U there is k ∈ wt a + Z + such that
for any b ∈ V . Then M is a weak V -module.
Proof:
We only need to prove the twisted Jacobi identity, which is equivalent to commutator relation (2.17) and the associativity (2.16). But the commutator formula is built in already as M is a V [g]-module. By Lemma 2.4, the assumption (ii) can be reformulated as follows:
(ii') For any a ∈ V r and u ∈ U there is k ∈ Z + such that
Since M is a V [g]-module generated by U it is enough to prove that if u satisfies (ii') then c n u also satisfies (ii') for c ∈ V and n ∈ 1 T 0 Z.
Let k 1 be a positive integer such that c i a = 0 for i ≥ k 1 . Let k 2 be a positive integer such that
for any nonnegative integer i where we have assumed that c ∈ V s . Let k be a positive integer such that k +
. Using (6.7) and (6.8) and the bracket relation (ii) in Lemma 4.1
we have
The proof is complete.
Applying Proposition 6.1 toM (U ) gives the following result.
Theorem 6.2.M (U ) is an admissible g-twisted V -module withM (U )(0) = U and with the following universal property: for any weak g-twisted V -module M and any A g (V )-morphism φ : U → Ω(M ), there is a unique morphismφ :M (U ) → M of weak g-twisted V -modules which extends φ.
We remark that if U is an A g (V )-module such that o(ω) acts as a constant, Theorem 6.2 has been proved in [X] .
As in [DLM2] we also have
(b) L defines a functor from the category of A g (V )-modules to the category of admissible g-twisted V -modules such that Ω • L is naturally equivalent to the identity.
We have a pair of functors Ω, L between the A g (V )-module category and admissible g-twisted V -module category. Although Ω • L is equivalent to the identity, L • Ω is not equivalent to the identity in general.
The following result is an immediate consequence of Theorem 6.3.
Using Lemma 6.4, Proposition 5.2 (ii), Theorems 6.2 and 6.3 gives:
Theorem 6.5. L and Ω are category equivalence when restricted to the full subcategories of completely reducible A g (V )-modules and completely reducible admissible g-twisted Vmodules respectively. In particular, L and Ω induce mutually inverse bijections on the isomorphism classes of simple objects in the category of A g (V )-modules and admissible g-twisted V -modules respectively.
We now apply the obtained results to g-rational vertex operator superalgebras to obtain: Theorem 6.6. Suppose that V is a g-rational vertex operator superalgebra. Then the following hold:
(a) A g (V ) is a finite-dimensional, semi-simple associative algebra (possibly 0). (b) V has only finitely many isomorphism classes of simple admissible g-twisted modules.
(c) Every simple admissible g-twisted V -module is an ordinary g-twisted V -module.
The functors L, Ω are mutually inverse categorical equivalences between the category of A g (V )-modules and the category of admissible g-twisted V -modules.
(f ) The functors L, Ω induce mutually inverse categorical equivalences between the category of finite-dimensional A g (V )-modules and the category of ordinary g-twisted Vmodules.
The proof is the same as that of Theorem 8.1 in [DLM2] .
Examples
In this section we discuss the well known vertex operator superalgebras constructed from the free fermions and their twisted modules. In particular we compute the algebra A g (V ) and classify the irreducible twisted modules using A g (V ). The classification results have been obtained previously in [Li2] with a different approach.
Let H = l i=1 Ca i be a complex vector space equipped with a nondegenerate symmetric bilinear form (, ) such that {a i |i = 1, 2, ...l} form an orthonormal basis. Let A(H, Z+ 1 2 ) be the associative algebra generated by {a(n)|a ∈ H, n ∈ Z + 1 2 } subject to the relation
) be the subalgebra generated by {a(n)|a ∈ H, n ∈ Z + 1 2
, n > 0}, and
)-module so that a i (n)1 = 0 for n > 0. Consider the induced module
The action of a i (n) is given by
if n is positive and by multiplication by a i (n) if n is negative.
The
) is naturally graded by 1 2 Z so that
Z we define a normal ordering
) where n i are nonnegative integers. We set
n . Then we have a linear map:
). The following result is well known (cf. [FFR] , [KW] and [Li1] ). ) for i = 1, ..., l.
We have already mentioned in Section 2 that any vertex operator superalgebra has a canonical automorphism σ such that σ = 1 on V0 and σ = −1 on V1. Note that V (H, Z + )-modules. First we discuss the case when l = 2k (k is a positive integer) is even. The H can be written as Z) be the associative algebra generated by {b(n)|b ∈ H, n ∈ Z} subject to the relation
Let A(H, Z) + be the subalgebra generated by
As before we consider the induced module
Then b i (n) acts as ∂ ∂b i (−n) * if n is nonnegative and multiplication by b i (n) if n is negative. Similarly, b i (n) * acts as
if n is positive and multiplication by b i (n) * if n is nonpositive.
Thanks to Proposition 4.3 in [Li2] ,
) is isomorphic to the matrix algebra M 2 k ×2 k (C) and V (H, Z) is the unique irreducible σ-twisted V (H, Z + ) is isomorphic to the matrix algebra M 2 k ×2 k (C).
Since g = σ, the decomposition (2.10) becomes V = V 0 * . By lemma 3.1(i),
s . This implies that
. We now deal with the case dim H = 2k + 1 for some nonnegative integer k. Then H can be decomposed into: Z) be the associative algebra generated same as above, and A(H, Z) + be the subalgebra generated by )) ≤ 2 l 0 , as desired.
If dim H 0 * = l 0 = 2k 0 + 1, we can write H 0 * as follows:
Ch ) has exactly two τ -twisted irreducible modules M ± up to isomorphism.
